
5
Formulation of Quantum Statistics

The scope of the ensemble theory developed in Chapters 2 through 4 is extremely general,
though the applications considered so far were confined either to classical systems or to
quantum-mechanical systems composed of distinguishable entities. When it comes to
quantum-mechanical systems composed of indistinguishable entities, as most physical
systems are, considerations of the preceding chapters have to be applied with care. One
finds that in this case it is advisable to rewrite ensemble theory in a language that is more
natural to a quantum-mechanical treatment, namely the language of the operators and
the wavefunctions. Insofar as statistics are concerned, this rewriting of the theory may not
seem to introduce any new physical ideas as such; nonetheless, it provides us with a tool
that is highly suited for studying typical quantum systems. And once we set out to study
these systems in detail, we encounter a stream of new, and altogether different, physical
concepts. In particular, we find that the behavior of even a noninteracting system, such as
the ideal gas, departs considerably from the pattern set by the classical treatment. In the
presence of interactions, the pattern becomes even more complicated. Of course, in the
limit of high temperatures and low densities, the behavior of all physical systems tends
asymptotically to what we expect on classical grounds. In the process of demonstrating
this point, we automatically obtain a criterion that tells us whether a given physical sys-
tem may or may not be treated classically. At the same time, we obtain rigorous evidence in
support of the procedure, employed in the previous chapters, for computing the number,
0, of microstates (corresponding to a given macrostate) of a given system from the vol-
ume, ω, of the relevant region of its phase space, namely 0 ≈ ω/h f , where f is the number
of “degrees of freedom” in the problem.

5.1 Quantum-mechanical ensemble theory:
the density matrix

We consider an ensemble of N identical systems, where N � 1. These systems are char-
acterized by a (common) Hamiltonian, which may be denoted by the operator Ĥ . At time
t, the physical states of the various systems in the ensemble will be characterized by
the wavefunctions ψ(ri, t), where ri denote the position coordinates relevant to the sys-
tem under study. Let ψk(ri, t) denote the (normalized) wavefunction characterizing the
physical state in which the kth system of the ensemble happens to be at time t; natu-
rally, k = 1,2, . . . ,N . The time variation of the function ψk(t) will be determined by the
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116 Chapter 5 . Formulation of Quantum Statistics

Schrödinger equation1

Ĥψk(t)= i~ψ̇k(t). (1)

Introducing a complete set of orthonormal functions φn, the wavefunctions ψk(t) may be
written as

ψk(t)=
∑

n

ak
n(t)φn, (2)

where

ak
n(t)=

∫
φ∗nψ

k(t)dτ ; (3)

here, φ∗n denotes the complex conjugate of φn while dτ denotes the volume element of
the coordinate space of the given system. Clearly, the physical state of the kth system can
be described equally well in terms of the coefficients ak

n(t). The time variation of these
coefficients will be given by

i~ȧk
n(t)= i~

∫
φ∗nψ̇

k(t)dτ =
∫
φ∗nĤψk(t)dτ

=

∫
φ∗nĤ

{∑
m

ak
m(t)φm

}
dτ

=

∑
m

Hnmak
m(t), (4)

where

Hnm =

∫
φ∗nĤφmdτ . (5)

The physical significance of the coefficients ak
n(t) is evident from equation (2). They are

the probability amplitudes for the various systems of the ensemble to be in the various
states φn; to be practical, the number |ak

n(t)|
2 represents the probability that a measure-

ment at time t finds the kth system of the ensemble to be in the particular state φn. Clearly,
we must have ∑

n

|ak
n(t)|

2
= 1 (for all k). (6)

We now introduce the density operator ρ̂(t), as defined by the matrix elements

ρmn(t)=
1
N

N∑
k=1

{
ak

m(t)a
k∗
n (t)

}
; (7)

clearly, the matrix element ρmn(t) is the ensemble average of the quantity am(t)a∗n(t),
which, as a rule, varies from member to member in the ensemble. In particular, the
diagonal element ρnn(t) is the ensemble average of the probability |an(t)|2, the latter

1For simplicity of notation, we suppress the coordinates ri in the argument of the wavefunction ψk .
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itself being a (quantum-mechanical) average. Thus, we encounter here a double-averaging
process — once due to the probabilistic aspect of the wavefunctions and again due to the
statistical aspect of the ensemble. The quantity ρnn(t) now represents the probability that
a system, chosen at random from the ensemble, at time t, is found to be in the state φn. In
view of equations (6) and (7), ∑

n

ρnn = 1. (8)

We shall now determine the equation of motion for the density matrix ρmn(t). We
obtain, with the help of the foregoing equations,

i~ρ̇mn(t)=
1
N

N∑
k=1

[
i~
{

ȧk
m(t)a

k∗
n (t)+ak

m(t)ȧ
k∗
n (t)

}]

=
1
N

N∑
k=1

[{∑
l

Hmla
k
l (t)

}
ak∗

n (t)−ak
m(t)

{∑
l

H∗nla
k∗
l (t)

}]
=

∑
l

{Hmlρln(t)− ρml(t)Hln}

= (Ĥ ρ̂− ρ̂Ĥ)mn; (9)

here, use has been made of the fact that, in view of the Hermitian character of the operator
Ĥ ,H∗nl =Hln. Using the commutator notation, equation (9) may be written as

i~ ˙̂ρ = [Ĥ , ρ̂]−. (10)

Equation (10) is the quantum-mechanical analog of the classical equation (2.2.10) of
Liouville. As expected in going from a classical equation of motion to its quantum-
mechanical counterpart, the Poisson bracket [ρ,H] has given place to the commutator
(ρ̂Ĥ − Ĥ ρ̂)/i~.

If the given system is known to be in a state of equilibrium, the corresponding ensemble
must be stationary, that is, ρ̇mn = 0. Equations (9) and (10) then tell us that, for this to be the
case, (i) the density operator ρ̂ must be an explicit function of the Hamiltonian operator Ĥ
(for then the two operators will necessarily commute) and (ii) the Hamiltonian must not

depend explicitly on time, that is, we must have (i) ρ̂ = ρ̂(Ĥ) and (ii) ˙̂H = 0. Now, if the basis
functions φn were the eigenfunctions of the Hamiltonian itself, then the matrices H and
ρ would be diagonal:

Hmn = Enδmn, ρmn = ρnδmn. (11)2

2It may be noted that in this (so-called energy) representation the density operator ρ̂ may be written as

ρ̂ =
∑

n

|φn〉ρn〈φn|, (12)

for then
ρkl =

∑
n

〈φk|φn〉ρn〈φn|φl〉 =
∑

n

δknρnδnl = ρkδkl .
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The diagonal element ρn, being a measure of the probability that a system, chosen at ran-
dom (and at any time) from the ensemble, is found to be in the eigenstate φn, will naturally
depend on the corresponding eigenvalue En of the Hamiltonian; the precise nature of this
dependence is, however, determined by the “kind” of ensemble we wish to construct.

In any representation other than the energy representation, the density matrix may or
may not be diagonal. However, quite generally, it will be symmetric:

ρmn = ρnm. (13)

The physical reason for this symmetry is that, in statistical equilibrium, the tendency of a
physical system to switch from one state (in the new representation) to another must be
counterbalanced by an equally strong tendency to switch between the same states in the
reverse direction. This condition of detailed balancing is essential for the maintenance of
an equilibrium distribution within the ensemble.

Finally, we consider the expectation value of a physical quantity G, which is dynami-
cally represented by an operator Ĝ. This will be given by

〈G〉 =
1
N

N∑
k=1

∫
ψk∗Ĝψkdτ . (14)

In terms of the coefficients ak
n,

〈G〉 =
1
N

N∑
k=1

[∑
m,n

ak∗
n ak

mGnm

]
, (15)

where

Gnm =

∫
φ∗nĜφmdτ . (16)

Introducing the density matrix ρ, equation (15) becomes

〈G〉 =
∑
m,n

ρmnGnm =
∑

m

(ρ̂Ĝ)mm = Tr(ρ̂Ĝ). (17)

Taking Ĝ = 1̂, where 1̂ is the unit operator, we have

Tr(ρ̂)= 1, (18)

which is identical to (8). It should be noted here that if the original wavefunctions ψk were
not normalized then the expectation value 〈G〉would be given by the formula

〈G〉 =
Tr(ρ̂Ĝ)
Tr(ρ̂)

(19)



5.2 Statistics of the various ensembles 119

instead. In view of the mathematical structure of formulae (17) and (19), the expectation
value of any physical quantity G is manifestly independent of the choice of the basis {φn},
as it indeed should be.

5.2 Statistics of the various ensembles
5.2.A The microcanonical ensemble

The construction of the microcanonical ensemble is based on the premise that the sys-
tems constituting the ensemble are characterized by a fixed number of particles N , a fixed
volume V , and an energy lying within the interval

(
E− 1

21,E+ 1
21
)
, where 1� E. The

total number of distinct microstates accessible to a system is then denoted by the sym-
bol 0(N ,V ,E;1) and, by assumption, any one of these microstates is as likely to occur as
any other. This assumption enters into our theory in the nature of a postulate and is often
referred to as the postulate of equal a priori probabilities for the various accessible states.

Accordingly, the density matrix ρmn (which, in the energy representation, must be a
diagonal matrix) will be of the form

ρmn = ρnδmn, (1)

with

ρn =

1/0 for each of the accessible states,

0 for all other states;
(2)

the normalization condition (5.1.18) is clearly satisfied. As we already know, the thermody-
namics of the system is completely determined from the expression for its entropy which,
in turn, is given by

S= k ln 0. (3)

Since 0, the total number of distinct, accessible states, is supposed to be computed
quantum-mechanically, taking due account of the indistinguishability of the particles right
from the beginning, no paradox, such as Gibbs’, is now expected to arise. Moreover, if
the quantum state of the system turns out to be unique (0 = 1), the entropy of the sys-
tem will identically vanish. This provides us with a sound theoretical basis for the hitherto
empirical theorem of Nernst (also known as the third law of thermodynamics).

The situation corresponding to the case 0 = 1 is usually referred to as a pure case. In
such a case, the construction of an ensemble is essentially superfluous, because every sys-
tem in the ensemble has got to be in one and the same state. Accordingly, there is only one
diagonal element ρnn that is nonzero (actually equal to unity), while all others are zero. The
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density matrix, therefore, satisfies the relation

ρ2
= ρ. (4)

In a different representation, the pure case will correspond to

ρmn =
1
N

N∑
k=1

ak
mak∗

n = ama∗n (5)

because all values of k are now literally equivalent. We then have

ρ2
mn =

∑
l

ρmlρln =
∑

l

ama∗l ala
∗
n

= ama∗n

(
because

∑
l

a∗l al = 1
)

= ρmn. (6)

Relation (4) thus holds in all representations.
A situation in which 0 > 1 is usually referred to as a mixed case. The density matrix, in

the energy representation, is then given by equations (1) and (2). If we now change over to
any other representation, the general form of the density matrix should remain the same,
namely (i) the off-diagonal elements should continue to be zero, while (ii) the diagonal
elements (over the allowed range) should continue to be equal to one another. Now, had
we constructed our ensemble on a representation other than the energy representation
right from the beginning, how could we have possibly anticipated ab initio property (i)
of the density matrix, though property (ii) could have been easily invoked through a pos-
tulate of equal a priori probabilities? To ensure that property (i), as well as property (ii),
holds in every representation, we must invoke yet another postulate, namely the postulate
of random a priori phases for the probability amplitudes ak

n, which in turn implies that
the wavefunction ψk, for all k, is an incoherent superposition of the basis {φn}. As a con-
sequence of this postulate, coupled with the postulate of equal a priori probabilities, we
would have in any representation

ρmn ≡
1
N

N∑
k=1

ak
mak∗

n =
1
N

N∑
k=1

|a|2ei
(
θk

m−θ
k
n

)

= c
〈
ei
(
θk

m−θ
k
n

)〉
= cδmn, (7)

as it should be for a microcanonical ensemble.
Thus, contrary to what might have been expected on customary grounds, to secure the

physical situation corresponding to a microcanonical ensemble, we require in general two



5.2 Statistics of the various ensembles 121

postulates instead of one! The second postulate arises solely from quantum-mechanics
and is intended to ensure noninterference (and hence a complete absence of correlations)
among the member systems; this, in turn, enables us to form a mental picture of each
system of the ensemble, one at a time, completely disentangled from other systems.

5.2.B The canonical ensemble

In this ensemble the macrostate of a member system is defined through the parameters
N , V , and T ; the energy E is now a variable quantity. The probability that a system, chosen
at random from the ensemble, possesses an energy Er is determined by the Boltzmann
factor exp(−βEr), where β = 1/kT ; see Sections 3.1 and 3.2. The density matrix in the
energy representation is, therefore, taken as

ρmn = ρnδmn, (8)

with

ρn = C exp (−βEn); n= 0,1,2, . . . (9)

The constant C is determined by the normalization condition (5.1.18), whereby

C =
1∑

n
exp(−βEn)

=
1

QN (β)
, (10)

where QN (β) is the partition function of the system. In view of equations (5.1.12), see
footnote 2, the density operator in this ensemble may be written as

ρ̂ =
∑

n

|φn〉
1

QN (β)
e−βEn 〈φn|

=
1

QN (β)
e−βĤ

∑
n

|φn〉〈φn|

=
1

QN (β)
e−βĤ

=
e−βĤ

Tr
(
e−βĤ

) , (11)

for the operator
∑

n |φn〉〈φn| is identically the unit operator. It is understood that the
operator exp(−βĤ) in equation (11) stands for the sum

∞∑
j=0

(−1) j (βĤ) j

j!
. (12)
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The expectation value 〈G〉N of a physical quantity G, which is represented by an operator
Ĝ, is now given by

〈G〉N = Tr(ρ̂Ĝ)=
1

QN (β)
Tr
(
Ĝe−βĤ)

=
Tr
(
Ĝe−βĤ)

Tr
(
e−βĤ

) ; (13)

the suffix N here emphasizes the fact that the averaging is being done over an ensemble
with N fixed.

5.2.C The grand canonical ensemble

In this ensemble the density operator ρ̂ operates on a Hilbert space with an indefi-
nite number of particles. The density operator must therefore commute not only with
the Hamiltonian operator Ĥ but also with a number operator n̂ whose eigenvalues are
0,1,2, . . .. The precise form of the density operator can now be obtained by a straightfor-
ward generalization of the preceding case, with the result

ρ̂ =
1

Q(µ,V ,T)
e−β(Ĥ−µn̂), (14)

where

Q(µ,V ,T)=
∑
r,s

e−β(Er−µNs) = Tr{e−β(Ĥ−µn̂)
}. (15)

The ensemble average 〈G〉 is now given by

〈G〉 =
1

Q(µ,V ,T)
Tr
(
Ĝe−βĤ eβµn̂)

=

∞∑
N=0

zN
〈G〉N QN (β)

∞∑
N=0

zN QN (β)

, (16)

where z(≡ eβµ) is the fugacity of the system while 〈G〉N is the canonical-ensemble average,
as given by equation (13). The quantity Q(µ,V ,T) appearing in these formulae is, clearly,
the grand partition function of the system.

5.3 Examples
5.3.A An electron in a magnetic field

We consider, for illustration, the case of a single electron that possesses an intrinsic spin
1
2 ~σ̂ and a magnetic moment µB, where σ̂ is the Pauli spin operator and µB = e~/2mc.
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The spin of the electron can have two possible orientations, ↑ or ↓, with respect to an
applied magnetic field B. If the applied field is taken to be in the direction of the z-axis, the
configurational Hamiltonian of the spin takes the form

Ĥ =−µB (σ̂ ·B)=−µB Bσ̂z. (1)

In the representation that makes σ̂z diagonal, namely

σ̂x =

(
0 1

1 0

)
, σ̂y =

(
0 −i

i 0

)
, σ̂z =

(
1 0

0 −1

)
, (2)

the density matrix in the canonical ensemble would be

(ρ̂)=

(
e−βĤ)

Tr
(
e−βĤ

)
(3)

=
1

eβµB B
+ e−βµB B

(
eβµB B 0

0 e−βµB B

)
.

We thus obtain for the expectation value σz

〈σz〉 = Tr(ρ̂σ̂z)=
eβµB B

− e−βµB B

eβµB B
+ e−βµB B

= tanh(βµB B), (4)

in perfect agreement with the findings of Sections 3.9 and 3.10.

5.3.B A free particle in a box

We now consider the case of a free particle, of mass m, in a cubical box of side L. The
Hamiltonian of the particle is given by

Ĥ =−
~2

2m
∇

2
=−

~2

2m

(
∂2

∂x2
+
∂2

∂y2
+
∂2

∂z2

)
, (5)

while the eigenfunctions of the Hamiltonian that satisfy periodic boundary conditions,

φ(x+L,y,z)= φ(x,y+L,z)= φ(x,y,z+L)

= φ(x,y,z), (6)

are given by

φE(r)=
1

L3/2
exp(ik · r), (7)

the corresponding eigenvalues E being

E =
~2k2

2m
, (8)
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and the corresponding wave vector k being

k ≡ (kx,ky ,kz)=
2π
L
(nx,ny ,nz); (9)

the quantum numbers nx, ny, and nz must be integers (positive, negative, or zero).
Symbolically, we may write

k =
2π
L

n, (10)

where n is a vector with integral components 0,±1,±2, . . ..
We now proceed to evaluate the density matrix (ρ̂) of this system in the canonical

ensemble; we shall do so in the coordinate representation. In view of equation (5.2.11),
we have

〈r|e−βĤ
|r′〉 =

∑
E

〈r|E〉e−βE
〈E|r′〉

(11)
=

∑
E

e−βEφE(r)φ∗E(r
′).

Substituting from equation (7) and making use of relations (8) and (10), we obtain

〈r|e−βĤ
|r′〉 =

1

L3

∑
k

exp

[
−
β~2

2m
k2
+ ik · (r− r′)

]

≈
1

(2π)3

∫
exp

[
−
β~2

2m
k2
+ ik · (r− r′)

]
d3k

=

(
m

2πβ~2

)3/2

exp
[
−

m

2β~2
|r− r′|2

]
; (12)

see equations (B.41) and (B.42) in Appendix B. It follows that

Tr(e−βĤ )=

∫
〈r|e−βĤ

|r〉d3r

= V
(

m

2πβ~2

)3/2

. (13)

The expression in equation (13) is indeed the partition function, Q1(β), of a single particle
confined to a box of volume V ; see equation (3.5.19). Dividing (12) by (13), we obtain for
the density matrix in the coordinate representation

〈r|ρ̂|r′〉 =
1
V

exp
[
−

m

2β~2
|r− r′|2

]
. (14)

As expected, the matrix ρr,r′ is symmetric between the states r and r′. Moreover, the
diagonal element 〈r|ρ|r〉, which represents the probability density for the particle to be in
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the neighborhood of the point r, is independent of r; this means that, in the case of a sin-
gle free particle, all positions within the box are equally likely to obtain. A nondiagonal
element 〈r|ρ|r′〉, on the other hand, is a measure of the probability of “spontaneous tran-
sition” between the position coordinates r and r′ and is therefore a measure of the relative
“intensity” of the wave packet (associated with the particle) at a distance |r− r′| from the
center of the packet. The spatial extent of the wave packet, which is a measure of the uncer-
tainty involved in locating the position of the particle, is clearly of order ~/(mkT)1/2; the
latter is also a measure of the mean thermal wavelength of the particle. The spatial spread
found here is a purely quantum-mechanical effect; quite expectedly, it tends to vanish at
high temperatures. In fact, as β→ 0, the behavior of the matrix element (14) approaches
that of a delta function, which implies a return to the classical picture of a point particle.

Finally, we determine the expectation value of the Hamiltonian itself. From equa-
tions (5) and (14), we obtain

〈H〉 = Tr(Ĥ ρ̂)=−
~2

2mV

∫ {
∇

2 exp
[
−

m

2β~2
|r− r′|2

]}
r=r′

d3r

=
1

2βV

∫ {[
3−

m

β~2
|r− r′|2

]
exp

[
−

m

2β~2
|r− r′|2

]}
r=r′

d3r

=
3

2β
=

3
2

kT , (15)

which was indeed expected. Otherwise, too,

〈H〉 =
Tr
(
Ĥe−βĤ)

Tr
(
e−βĤ

) =− ∂

∂β
lnTr

(
e−βĤ) (16)

which, on combination with (13), leads to the same result.

5.3.C A linear harmonic oscillator

Next, we consider the case of a linear harmonic oscillator whose Hamiltonian is given by

Ĥ =−
~2

2m
∂2

∂q2
+

1
2

mω2q2, (17)

with eigenvalues

En =

(
n+

1
2

)
~ω; n= 0,1,2, . . . (18)

and eigenfunctions

φn(q)=
(mω
π~

)1/4 Hn(ξ)

(2nn!)1/2
e−(1/2)ξ2

, (19)
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where

ξ =
(mω

~

)1/2
q (20)

and

Hn(ξ)= (−1)ne ξ
2
(

d
dξ

)n

e−ξ
2

. (21)

The matrix elements of the operator exp(−βĤ) in the q-representation are given by

〈q|e−βĤ
|q′〉 =

∞∑
n=0

e−βEnφn(q)φn(q′)

=

(mω
π~

)1/2
e−(1/2)(ξ2

+ξ ′2)
∞∑

n=0

{
e−(n+1/2)β~ω Hn(ξ)Hn(ξ

′)

2nn!

}
. (22)

The summation over n is somewhat difficult to evaluate; nevertheless, the final result is3

〈q|e−βĤ
|q′〉 =

[
mω

2π~sinh(β~ω)

]1/2

× exp
[
−

mω
4~

{
(q+q′)2 tanh

(
β~ω

2

)
+ (q−q′)2 coth

(
β~ω

2

)}]
, (23)

which gives

Tr
(
e−βĤ)

=

∞∫
−∞

〈q|e−βĤ
|q〉dq

=

[
mω

2π~sinh(β~ω)

]1/2 ∞∫
−∞

exp

[
−

mωq2

~
tanh

(
β~ω

2

)]
dq

=
1

2sinh
(

1
2β~ω

) = e−(1/2)β~ω

1− e−β~ω . (24)

Expression (24) is indeed the partition function of a linear harmonic oscillator; see
equation (3.8.14). At the same time, we find that the probability density for the oscillator
coordinate to be in the vicinity of the value q is given by

〈q|ρ̂|q〉 =

mω tanh
(

1
2β~ω

)
π~

1/2

exp

[
−

mωq2

~
tanh

(
β~ω

2

)]
; (25)

3The mathematical details of this derivation can be found in Kubo (1965, pp. 175–177).



5.3 Examples 127

we note that this is a Gaussian distribution in q, with mean value zero and root-mean-
square deviation

qr.m.s. =

 ~

2mω tanh
(

1
2β~ω

)
1/2

. (26)

The probability distribution (25) was first derived by Bloch in 1932. In the classical limit
(β~ω� 1), the distribution becomes purely thermal — free from quantum effects:

〈q|ρ̂|q〉 ≈

(
mω2

2πkT

)1/2

exp

[
−

mω2q2

2kT

]
, (27)

with dispersion (kT/mω2)1/2. At the other extreme (β~ω� 1), the distribution becomes
purely quantum-mechanical — free from thermal effects:

〈q|ρ̂|q〉 ≈
(mω
π~

)1/2
exp

[
−

mωq2

~

]
, (28)

with dispersion (~/2mω)1/2. Note that the limiting distribution (28) is precisely the one
expected for an oscillator in its ground state (n= 0), that is one with probability density
φ2

0(q); see equations (19) through (21).
In view of the fact that the mean energy of the oscillator is given by

〈H〉 = −
∂

∂β
lnTr

(
e−βĤ)

=
1
2

~ωcoth
(

1
2
β~ω

)
, (29)

we observe that the temperature dependence of the distribution (25) is solely determined
by the expectation value 〈H〉. Actually, we can write

〈q|ρ̂|q〉 =

(
mω2

2π〈H〉

)1/2

exp

[
−

mω2q2

2〈H〉

]
, (30)

with

qr.m.s. =

(
〈H〉

mω2

)1/2

. (31)

It is now straightforward to see that the mean value of the potential energy
(1

2 mω2q2
)

of
the oscillator is 1

2 〈H〉; accordingly, the mean value of the kinetic energy (p2/2m) will also
be the same.
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5.4 Systems composed of indistinguishable
particles

We shall now formulate the quantum-mechanical description of a system of N identical
particles. To fix ideas, we consider a gas of noninteracting particles; the findings of this
study will be of considerable relevance to other systems as well.

Now, the Hamiltonian of a system of N noninteracting particles is simply a sum of the
individual single-particle Hamiltonians:

Ĥ(q, p)=
N∑

i=1

Ĥ i(qi,pi); (1)

here, (qi,pi) are the coordinates and momenta of the ith particle while Ĥ i is its Hamilto-
nian.4 Since the particles are identical, the Hamiltonians Ĥ i(i= 1,2, . . . ,N) are formally the
same; they only differ in the values of their arguments. The time-independent Schrödinger
equation for the system is

ĤψE(q)= EψE(q), (2)

where E is an eigenvalue of the Hamiltonian and ψE(q) the corresponding eigenfunction.
In view of (1), we can write a straightforward solution of the Schrödinger equation, namely

ψE(q)=
N∏

i=1

uεi (qi), (3)

with

E =
N∑

i=1

εi; (4)

the factor uεi(qi) in (3) is an eigenfunction of the single-particle Hamiltonian Ĥ i(qi,pi),
with eigenvalue εi:

Ĥ iuεi (qi)= εiuεi (qi). (5)

Thus, a stationary state of the given system may be described in terms of the single-particle
states of the constituent particles. In general, we may do so by specifying the set of num-
bers {ni} to represent a particular state of the system; this would imply that there are ni

particles in the eigenstate characterized by the energy value εi. Clearly, the distribution set

4We are studying here a single-component system composed of “spinless” particles. Generalization to a system
composed of particles with spin and to a system composed of two or more components is quite straightforward.
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{ni}must conform to the conditions ∑
i

ni =N (6)

and ∑
i

niεi = E. (7)

Accordingly, the wavefunction of this state may be written as

ψE(q)=
n1∏

m=1

u1(m)
n1+n2∏

m=n1+1

u2(m) . . . , (8)

where the symbol ui(m) stands for the single-particle wavefunction uεi(qm).
Now, suppose we effect a permutation among the coordinates appearing on the right

side of (8); as a result, the coordinates (1,2, . . . ,N) get replaced by (P1,P2, . . . ,PN), say. The
resulting wavefunction, which we may call PψE(q), will be

PψE(q)=
n1∏

m=1

u1(Pm)
n1+n2∏

m=n1+1

u2(Pm) . . . . (9)

In classical physics, where the particles of a given system, even though identical, are
regarded as mutually distinguishable, any permutation that brings about an interchange
of particles in two different single-particle states is recognized to have led to a new, physi-
cally distinct, microstate of the system. For example, classical physics regards a microstate
in which the so-called 5th particle is in the state ui and the so-called 7th particle in the
state uj( j 6= i) as distinct from a microstate in which the 7th particle is in the state ui and
the 5th particle in the state uj. This leads to

N !
n1!n2! . . .

(10)

(supposedly distinct) microstates of the system, corresponding to a given mode of distri-
bution {ni}. The number (10) would then be ascribed as a “statistical weight factor” to
the distribution set {ni}. Of course, the “correction” applied by Gibbs, which has been
discussed in Sections 1.5 and 1.6, reduces this weight factor to

Wc{ni} =
1

n1!n2! . . .
. (11)

And the only way one could understand the physical basis of that “correction” was in terms
of the inherent indistinguishability of the particles.

According to quantum physics, however, the situation remains unsatisfactory even
after the Gibbs correction has been incorporated, for, strictly speaking, an interchange
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among identical particles, even if they are in different single-particle states, should not
lead to a new microstate of the system! Thus, if we want to take into account the indistin-
guishability of the particles properly, we must not regard a microstate in which the “5th”
particle is in the state ui and the “7th” in the state uj as distinct from a microstate in which
the “7th” particle is in the state ui and the “5th” in the state uj (even if i 6= j), for the labeling
of the particles as No. 1, No. 2, and so on (which one often resorts to) is at most a matter of
convenience — it is not a matter of reality. In other words, all that matters in the descrip-
tion of a particular state of the given system is the set of numbers ni that tell us how many
particles there are in the various single-particle states ui; the question, “which particle is
in which single-particle state?” has no relevance at all.

Accordingly, the microstates resulting from any permutation P among the N parti-
cles (so long as the numbers ni remain the same) must be regarded as one and the
same microstate. For the same reason, the weight factor associated with a distribution set
{ni}, provided that the set is not disallowed on some other physical grounds, should be
identically equal to unity, whatever the values of the numbers ni may be:

Wq{ni} ≡ 1. (12)5

Indeed, if for some physical reason the set {ni} is disallowed, the weight factor Wq for that
set should be identically equal to zero; see, for instance, equation (19).

At the same time, a wavefunction of the type (8), which we may call Boltzmannian
and denote by the symbol ψBoltz(q), is inappropriate for describing the state of a system
composed of indistinguishable particles because an interchange of arguments among the
factors ui and uj, where i 6= j, would lead to a wavefunction that is both mathematically and
physically different from the one we started with. Now, since a mere interchange of the
particle coordinates must not lead to a new microstate of the system, the wavefunction
ψE(q) must be constructed in such a way that, for all practical purposes, it is insensitive
to any interchange among its arguments. The simplest way to do this is to set up a lin-
ear combination of all the N ! functions of the type (9) that obtain from (8) by all possible
permutations among its arguments; of course, the combination must be such that if a per-
mutation of coordinates is carried out in it, then the wavefunctions ψ and Pψ must satisfy
the property

|Pψ |2 = |ψ |2. (13)

This leads to the following possibilities:

Pψ = ψ for all P, (14)

5It may be mentioned here that as early as in 1905 Ehrenfest pointed out that to obtain Planck’s formula for the
black-body radiation one must assign equal a priori probabilities to the various distribution sets {ni}.
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which means that the wavefunction is symmetric in all its arguments, or

Pψ =

+ψ if P is an even permutation,

−ψ if P is an odd permutation,
(15)6

which means that the wavefunction is antisymmetric in its arguments. We call these
wavefunctions ψS and ψA, respectively; their mathematical structure is given by

ψS(q)= const.
∑

P

PψBoltz(q) (16)

and

ψA(q)= const.
∑

P

δPPψBoltz(q), (17)

where δP in the expression for ψA is +1 or −1 according to whether the permutation P is
even or odd.

We note that the function ψA(q) can be written in the form of a Slater determinant:

ψA(q)= const.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ui(1) ui(2) · · · ui(N)

uj(1) uj(2) · · · uj(N)

· · · · · ·

· · · · · ·

· · · · · ·

ul(1) ul(2) · · · ul(N)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (18)

where the leading diagonal is precisely the Boltzmannian wavefunction while the other
terms of the expansion are the various permutations thereof; positive and negative signs in
the combination (17) appear automatically as we expand the determinant. On interchang-
ing a pair of arguments (which amounts to interchanging the corresponding columns of
the determinant), the wavefunction ψA merely changes its sign, as it indeed should. How-
ever, if two or more particles happen to be in the same single-particle state, then the
corresponding rows of the determinant become identical and the wavefunction vanishes.7

Such a state is physically impossible to realize. We therefore conclude that if a system com-
posed of indistinguishable particles is characterized by an antisymmetric wavefunction,

6An even (odd) permutation is one that can be arrived at from the original order by an even (odd) number of “pair
interchanges” among the arguments. For example, of the six permutations

(1,2,3), (2,3,1), (3,1,2), (1,3,2), (3,2,1), and (2,1,3),

of the arguments 1, 2, and 3, the first three are even permutations while the last three are odd. A single interchange,
among any two arguments, is clearly an odd permutation.

7This is directly related to the fact that if we effect an interchange among two particles in the same single-particle
state, then PψA will obviously be identical toψA. At the same time, if we also have PψA =−ψA, thenψA must be identically
zero.
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then the particles of the system must all be in different single-particle states — a result
equivalent to Pauli’s exclusion principle for electrons.

Conversely, a statistical system composed of particles obeying an exclusion principle
must be described by a wavefunction that is antisymmetric in its arguments. The statistics
governing the behavior of such particles is called Fermi–Dirac, or simply Fermi; statistics
and the constituent particles themselves are referred to as fermions. The statistical weight
factor WF.D.{ni} for such a system is unity so long as the ni in the distribution set are either
0 or 1; otherwise, it is zero:

WF.D.{ni} =


1 if

∑
i

n2
i =N ,

0 if
∑

i
n2

i >N .
(19)8

No such problems arise for systems characterized by symmetric wavefunctions: in partic-
ular, we have no restriction whatsoever on the values of the numbers ni. The statistics
governing the behavior of such systems is called Bose–Einstein, or simply Bose, statis-
tics and the constituent particles themselves are referred to as bosons.9 The weight factor
WB.E.{ni} for such a system is identically equal to 1, whatever the values of the numbers ni:

WB.E.{ni} = 1; ni = 0,1,2, . . . . (20)

It should be pointed out here that there exists an intimate connection between the
statistics governing a particular species of particles and the intrinsic spin of the particles.
For instance, particles with an integral spin (in units of ~, of course) obey Bose–Einstein
statistics, while particles with a half-odd integral spin obey Fermi–Dirac statistics. Exam-
ples in the first category are photons, phonons, π-mesons, gravitons, He4-atoms, and so
on, while those in the second category are electrons, nucleons (protons and neutrons),
µ-mesons, neutrinos, He3-atoms, and so on.

Finally, it must be emphasized that, although we have derived our conclusions here
on the basis of a study of noninteracting systems, the basic results hold for interacting
systems as well. In general, the desired wavefunction ψ(q)will not be expressible in terms
of the single-particle wavefunctions ui(qm); nonetheless, it will have to be either of the
kind ψS(q), satisfying equation (14), or of the kind ψA(q), satisfying equation (15).

8Note that the condition
∑

i n2
i =N would be implies that all ni are either 0 or 1. On the other hand, if any of the ni

are greater than 1, the sum
∑

i n2
i would be greater than N .

9Possibilities other than Bose–Einstein and Fermi–Dirac statistics can arise in which the wavefunction changes by a
complex phase factor eiθ when particles are interchanged. For topological reasons, this can only happen in two dimen-
sions. Quasiparticle excitations with this property are called anyons and, if θ is a rational fraction (other than 1 or 1/2)
of 2π , are said to have fractional statistics and they play an important role in the theory of the fractional quantum Hall
effect; see Wilczek (1990) and Ezawa (2000).
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5.5 The density matrix and the partition
function of a system of free particles

Suppose that the given system, which is composed of N indistinguishable, noninteracting
particles confined to a cubical box of volume V , is a member of a canonical ensemble
characterized by the temperature parameter β. The density matrix of the system in the
coordinate representation will be10

〈r1, . . . , rN |ρ̂|r′1, . . . , r′N 〉 =
1

QN (β)
〈r1, . . . , rN |e

−βĤ
|r′1, . . . , r′N 〉, (1)

where QN (β) is the partition function of the system:

QN (β)= Tr(e−βĤ )=

∫
〈r1, . . . , rN |e

−βĤ
|r1, . . . , rN 〉d

3N r. (2)

For brevity, we denote the vector ri by the letter i and the primed vector r′i by i′. Further,
letψE(1, . . . ,N) denote the eigenfunctions of the Hamiltonian, the suffix E representing the
corresponding eigenvalues. We then have

〈1, . . . ,N |e−βĤ
|1′, . . . ,N ′〉 =

∑
E

e−βE [ψE(1, . . . ,N)ψ∗E(1
′, . . . ,N ′)

]
, (3)

where the summation goes over all possible values of E; compare to equation (5.3.11).
Since the particles constituting the given system are noninteracting, we may express

the eigenfunctions ψE(1, . . . ,N) and the eigenvalues E in terms of the single-particle
wavefunctions ui(m) and the single-particle energies εi. Moreover, we find it advisable to
work with the wave vectors ki rather than the energies εi; so we write

E =
~2K 2

2m
=

~2

2m

(
k2

1 + k2
2 + ·· ·+ k2

N

)
, (4)

where the ki on the right side are the wave vectors of the individual particles. Imposing
periodic boundary conditions, the normalized single-particle wavefunctions are

uk(r)= V−1/2 exp {i(k · r)}, (5)

with

k = 2πV−1/3n; (6)

here, n stands for a three-dimensional vector whose components have values 0,±1,±2, . . ..
The wavefunction ψ of the total system would then be, see equations (5.4.16)

10For a general survey of the density matrix and its applications, see ter Haar (1961).
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and (5.4.17),

ψK (1, . . . ,N)= (N !)−1/2
∑

P

δPP{uk1(1) . . .ukN (N)}, (7)

where the magnitudes of the individual ki are such that

(k2
1 + ·· ·+ k2

N )= K 2. (8)

The number δP in the expression forψK is identically equal to+1 if the particles are bosons;
for fermions, it is +1 or −1 according to whether the permutation P is even or odd. Thus,
quite generally, we may write

δP = (±1)[P], (9)

where [P] denotes the order of the permutation; note that the upper sign in this expression
holds for bosons while the lower sign holds for fermions. The factor (N !)−1/2 has been
introduced here to ensure the normalization of the total wavefunction.

Now, it makes no difference to the wavefunction (7) whether the permutations P are
carried out on the coordinates 1, . . . ,N or on the wave vectors k1, . . . , kN , because after all
we are going to sum over all the N ! permutations. Denoting the permuted coordinates by
P1, . . . ,PN and the permuted wave vectors by Pk1, . . . , PkN , equation (7) may be written as

ψK (1, . . . ,N)= (N !)−1/2
∑

P

δP {uk1(P1) . . .ukN (PN)} (10a)

= (N !)−1/2
∑

P

δP {uPk1(1) . . .uPkN (N)}. (10b)

Equations (10a and 10b) may now be substituted into (3), with the result

〈1, . . . ,N |e−βĤ
|1′, . . . ,N ′〉 = (N !)−1

∑
K

e−β~2K 2/2m

×

∑
P̃

δP̃{uk1(P1) . . .ukN (PN)}
∑

P̃

δP̃{u
∗

P̃k1
(1′) . . .u∗

P̃kN
(N ′)}

, (11)

where P and P̃ are any of the N ! possible permutations. Now, since a permutation among
the ki changes the wavefunction ψ at most by a sign, the quantity [ψψ∗] in (11) is insen-
sitive to such a permutation; the same holds for the exponential factor as well. The
summation over K is, therefore, equivalent to (1/N !) times a summation over all the
vectors k1, . . . , kN independently of one another.

Next, in view of the N-fold summation over the ki, all the permutations P̃ will make
equal contributions toward the sum (because they differ from one another only in the
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ordering of the ki). Therefore, we may consider only one of these permutations, say the
one for which P̃k1 = k1, . . . , P̃kN = kN (and hence δP̃ = 1 for both kinds of statistics), and
include a factor of (N !). The net result is:

〈1, . . . ,N |e−βĤ
|1′, . . . ,N ′〉 = (N !)−1

∑
k1,...,kN

e−β~2(k2
1+···+k2

N )/2m

[∑
P

δP

{
uk1(P1)u∗k1

(1′)
}
. . .
{

ukN (PN)u∗kN
(N ′)

}]
. (12)

Substituting from (5) and noting that, in view of the largeness of V , the summations over
the ki may be replaced by integrations, equation (12) becomes

〈1, . . . ,N |e−βĤ
|1′, . . . ,N ′〉

=
1

N !(2π)3N

∑
P

δP

[∫
e−β~2k2

1/2m+ik1·(P1−1′)d3k1 . . .∫
e−β~2k2

N /2m+ikN ·(PN−N ′)d3kN

]
(13)

=
1

N !

(
m

2πβ~2

)3N/2∑
P

δP[ f (P1− 1′) . . . f (PN–N ′)], (14)

where

f (ξ)= exp
(
−

m

2β~2
ξ2
)

. (15)

Here, use has been made of the mathematical result (5.3.12), which is clearly a special case
of the present formula.

Introducing the mean thermal wavelength, often referred to as the thermal deBroglie
wavelength,

λ=
h

(2πmkT)1/2
= ~

(
2πβ
m

)1/2

, (16)

and rewriting our coordinates as r1, . . . , rN , the diagonal elements among (14) take the
form

〈r1, . . . , rN |e
−βĤ
|r1, . . . , rN 〉 =

1

N !λ3N

∑
P

δP[ f (Pr1− r1) . . . f (PrN − rN )], (17)

where

f (r)= exp
(
−πr2/λ2). (18)
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To obtain the partition function of the system, we have to integrate (17) over all the
coordinates involved. However, before we do that, we would like to make some observa-
tions on the summation

∑
P. First of all, we note that the leading term in this summation,

namely the one for which Pri = ri, is identically equal to unity (because f (0)= 1). This
is followed by a group of terms in which only one pair interchange (among the coordi-
nates) has taken place; a typical term in this group will be f (rj− ri)f (ri− rj) where i 6= j.
This group of terms is followed by other groups of terms in which more than one pair
interchange has taken place. Thus, we may write

∑
P

= 1±
∑
i<j

fijfji+
∑

i<j<k

fijfjkfki± ·· · , (19)

where fij ≡ f (ri− rj); again, note that the upper (lower) signs in this expansion pertain
to a system of bosons (fermions). Now, the function fij vanishes rapidly as the distance
rij becomes much larger than the mean thermal wavelength λ. It then follows that if the
mean interparticle distance, (V /N)1/3, in the system is much larger than the mean thermal
wavelength, that is, if

nλ3
=

nh3

(2πmkT)3/2
� 1, (20)

where n is the particle density in the system, then the sum
∑

P in (19) may be approx-
imated by unity. Accordingly, the partition function of the system would become, see
equation (17),

QN (V ,T)≡ Tr
(
e−βĤ)

≈
1

N !λ3N

∫
1(d3N r)=

1
N !

(
V

λ3

)N

. (21)

This is precisely the result obtained earlier for the classical ideal gas; see equation (3.5.9).
Thus, we have obtained from our quantum-mechanical treatment the precise classical
limit for the partition function QN (V ,T). Incidentally, we have achieved something more.
First, we have automatically recovered here the Gibbs correction factor (1/N !), which was
introduced into the classical treatment on an ad hoc, semi-empirical basis. We, of course,
tried to understand its origin in terms of the inherent indistinguishability of the parti-
cles. Here, we see it coming in a very natural manner and its source indeed lies in the
symmetrization of the wavefunctions of the system (which is ultimately related to the
indistinguishability of the particles); compare to Problem 5.4.

Second, we find here a formal justification for computing the number of microstates
of a system corresponding to a given region of its phase space by dividing the volume of
that region into cells of a “suitable” size and then counting instead the number of these
cells. This correspondence becomes all the more transparent by noting that formula (21)
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is exactly equivalent to the classical expression

QN (V ,T)=
1

N !

∫
e−β(p

2
1+···+p2

N )/2m

(
d3Nq d3N p

ω0

)
, (22)

with ω0=h3N . Thirdly, in deriving the classical limit we have also evolved a criterion that
enables us to determine whether a given physical system can be treated classically; math-
ematically, this criterion is given by condition (20). Now, in statistical mechanical studies,
a system that cannot be treated classically is said to be degenerate; the quantity nλ3 may,
therefore, be regarded as a degeneracy discriminant. Accordingly, the condition that clas-
sical considerations may be applicable to a given physical system is that “the value of the
degeneracy discriminant of the system be much less than unity.”

Next, we note that, in the classical limit, the diagonal elements of the density matrix are
given by

〈r1, . . . , rN |ρ̂|r1, . . . , rN 〉 ≈

(
1
V

)N

, (23)

which is simply a product of N factors, each equal to (1/V ). Recalling that, for a single
particle in a box of volume V , 〈r|ρ̂|r〉=(1/V ), see equation (5.3.14), we infer that in the
classical limit there is no spatial correlation among the various particles of the system. In
general, however, spatial correlations exist even if the particles are supposedly noninter-
acting; these correlations arise from the symmetrization of the wavefunctions and their
magnitude is quite significant if the interparticle distances in the system are comparable
with the mean thermal wavelength of the particles. To see this more clearly, we consider
the simplest relevant case, namely the one with N = 2. The sum

∑
P is now exactly equal

to 1± [ f (r12)]2. Accordingly,

〈r1, r2|e
−βĤ
|r1, r2〉 =

1

2λ6

[
1± exp

(
− 2πr2

12/λ
2)] (24)

and hence

Q2(V ,T)=
1

2λ6

∫∫ [
1± exp(−2πr2

12/λ
2
]

d3r1d3r2

=
1
2

(
V

λ3

)2
1±

1
V

∞∫
0

exp(−2πr2/λ2)4πr2dr

 (25)

=
1
2

(
V

λ3

)2
[

1±
1

23/2

(
λ3

V

)]

≈
1
2

(
V

λ3

)2

. (26)
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Combining (24) and (26), we obtain

〈r1, r2|ρ̂|r1, r2} ≈
1

V 2

[
1± exp

(
− 2πr2

12/λ
2)]. (27)

Thus, if r12 is comparable to λ, the probability density (27) may differ considerably from
the classical value (1/V )2. In particular, the probability density for a pair of bosons to
be a distance r apart is larger than the classical, r-independent value by a factor of
[1+ exp(−2πr2/λ2)], which becomes as high as 2 as r→ 0. The corresponding result for
a pair of fermions is smaller than the classical value by a factor of [1− exp(−2πr2/λ2)],
which becomes as low as 0 as r→ 0. Thus, we obtain a positive spatial correlation among
particles obeying Bose statistics and a negative spatial correlation among particles obeying
Fermi statistics; see also Section 6.3.

Another way of expressing correlations (among otherwise noninteracting particles)
is by introducing a statistical interparticle potential vs(r) and then treating the particles
classically (see Uhlenbeck and Gropper, 1932). The potential vs(r) must be such that the
Boltzmann factor exp(−βvs) is precisely equal to the pair correlation function [. . .] in (27),
that is,

vs(r)=−kT ln
[
1± exp

(
− 2πr2/λ2)]. (28)

Figure 5.1 shows a plot of the statistical potential vs(r) for a pair of bosons or fermions.
In the Bose case, the potential is throughout attractive, thus giving rise to a “statistical
attraction” among bosons; in the Fermi case, it is throughout repulsive, giving rise to a
“statistical repulsion” among fermions. In either case, the potential vanishes rapidly as r
becomes larger than λ; accordingly, its influence becomes less and less important as the
temperature of the system rises.
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FIGURE 5.1 The statistical potential vs(r) between a pair of particles obeying Bose–Einstein statistics or Fermi–Dirac
statistics.
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Problems
5.1. Evaluate the density matrix ρmn of an electron spin in the representation that makes σ̂x diagonal.

Next, show that the value of 〈σz〉, resulting from this representation, is precisely the same as the one
obtained in Section 5.3.

Hint: The representation needed here follows from the one used in Section 5.3 by carrying out a
transformation with the help of the unitary operator

Û =

(
1/
√

2 1/
√

2

−1/
√

2 1/
√

2

)
.

5.2. Prove that

〈q|e−βĤ
|q′〉 = exp

[
−βĤ

(
−i~

∂

∂q
,q
)]
δ(q−q′),

where Ĥ(−i~∂/∂q,q) is the Hamiltonian operator of the system in the q-representation, which
formally operates on the Dirac delta function δ(q−q′). Writing the δ-function in a suitable form,
apply this result to (i) a free particle and (ii) a linear harmonic oscillator.

5.3. Derive the density matrix ρ for (i) a free particle and (ii) a linear harmonic oscillator in the
momentum representation and study its main properties along the lines of Section 5.3.

5.4. Study the density matrix and the partition function of a system of free particles, using the
unsymmetrized wavefunction (5.4.3) instead of the symmetrized wavefunction (5.5.7). Show that,
following this procedure, one encounters neither the Gibbs’ correction factor (1/N !) nor a spatial
correlation among the particles.

5.5. Show that in the first approximation the partition function of a system of N noninteracting,
indistinguishable particles is given by

QN (V ,T)=
1

N !λ3N ZN (V ,T),

where

ZN (V ,T)=
∫

exp

−β∑
i<j

vs(rij)

d3N r,

vs(r) being the statistical potential (5.5.28). Hence evaluate tht first-order correction to the equation
of state of this system.

5.6. Determine the values of the degeneracy discriminant (nλ3) for hydrogen, helium, and oxygen at
NTP. Make an estimate of the respective temperature ranges where the magnitude of this quantity
becomes comparable to unity and hence quantum effects become important.

5.7. Show that the quantum-mechanical partition function of a system of N interacting particles
approaches the classical form

QN (V ,T)=
1

N !h3N

∫
e−βE(q,p)d3Nq d3N p

as the mean thermal wavelength λ becomes much smaller than (i) the mean interparticle distance
(V /N)1/3 and (ii) a characteristic length r0 of the interparticle potential.11

5.8. Prove the following theorem due to Peierls.12

“If Ĥ is the hermitian Hamiltonian operator of a given physical system and {φn} an arbitrary
orthonormal set of wavefunctions satisfying the symmetry requirements and the boundary

11See Huang (1963, Section 10.2).
12See Peierls (1938) and Huang (1963, Section 10.3).


